CLASS—-12
CHAPTER -10 Vectors

Vector

Those quantities which have magnitude, as well as direction, are called vector
guantities or vectors.

Note: Those quantities which have only magnitude and no direction, are called
scalar quantities.

Representation of Vector: A directed line segment has magnitude as well as
direction, so it is called vector denoted as AB™ or simply as a_ . Here, the point
A from where the vector AB™ starts is called its initial point and the point B
where it ends is called its terminal point.

Magnitude of a Vector: The length of the vector AB” or a” is called magnitude
of AB® ora~ and itis represented by |AB”| or |a~ | or a.

Note: Since, the length is never negative, so the notation |a” |< 0 has no
meaning.

Position Vector: Let O(0, 0, 0) be the origin and P be a point in space having
coordinates (x, y, z) with respect to the origin O. Then, the vector OP~ or r” is
called the position vector of the point P with respect to O. The magnitude

of OP-> orr” is given by

|OP|=|r|=x* + y* +2°

Direction Cosines: If a, B and y are the angles which a directed line segment
OP makes with the positive directions of the coordinate axes OX, OY and OZ
respectively, then cos a, cos B and cos y are known as the direction cosines of
OP and are generally denoted by the letters |, m and n respectively.




i.e.l=cosa, m=cos B, n=cosy Letl, mand n be the direction cosines of a line
and a, b and c be three numbers, such that la=mb=nc=r" Note: >+ m?+n?=1

Types of Vectors

Null vector or zero vector: A vector, whose initial and terminal points coincide
and magnitude is zero, is called a null vector and denoted as 0" . Note: Zero
vector cannot be assigned a definite direction or it may be regarded as having
any direction. The vectors AA” , BB~ represent the zero vector.

Unit vector: A vector of unit length is called unit vector. The unit vector in the
direction of a~ isa*=a"[|a” ||

Collinear vectors: Two or more vectors are said to be collinear, if they are
parallel to the same line, irrespective of their magnitudes and directions,
e.g.a andb” are collinear, whena” =tAb” or |a|>=A|b|~

Coinitial vectors: Two or more vectors having the same initial point are called
coinitial vectors.

Equal vectors: Two vectors are said to be equal, if they have equal magnitudes
and same direction regardless of the position of their initial points. Note:
Ifa_=b", then |a|”=|b]| ™ but converse may not be true.

Negative vector: Vector having the same magnitude but opposite in direction
of the given vector, is called the negative vector e.g. Vector BA™ is negative of
the vector AB™ and written as BA” =— AB~.

Note: The vectors defined above are such that any of them may be subject to
its parallel displacement without changing its magnitude and direction. Such
vectors are called ‘free vectors’.

To Find a Vector when its Position Vectors of End Points are Given: Let a and
b be the position vectors of end points A and B respectively of a line segment
AB. Then, AB™ = Position vector of B — Positron vector of A~
=0B?-0A”=b" -3~

Addition of Vectors

Triangle law of vector addition: If two vectors are represented along two sides
of a triangle taken in order, then their resultant is represented by the third side
taken in opposite direction, i.e. in AABC, by triangle law of vector addition, we
have BC” + CA” = BA” Note: The vector sum of three sides of a triangle taken



inorderis0”.

Parallelogram law of vector addition: If two vectors are represented along the
two adjacent sides of a parallelogram, then their resultant is represented by
the diagonal of the sides. If the sides OA and OC of parallelogram OABC
represent OA-> and OC-> respectively, then we get

OA- +0C-> =0B~>
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Note: Both laws of vector addition are equivalent to each other.

Properties of vector addition
Commutative: For vectorsa” and b”, we havea +b =b” +a”

Associative: For vectorsa , b~ and ¢, we havea” +(b” +c”)=(a” +b” )+c~
Note: The associative property of vector addition enables us to write the sum
of three vectorsa”, b~ and ¢’ asa +b” +c” without using brackets.

Additive identity: For any vector a~, a zero vector O is its additive identity
asa +0"=a

Additive inverse: For a vector a_, a negative vector of a~ is its additive inverse
asa +(-a>)=0"

Multiplication of a Vector by a Scalar: Let a~ be a given vector and A be a
scalar, then multiplication of vector a” by scalar A, denoted asA a”, is also a
vector, collinear to the vector a~ whose magnitude is |A| times that of
vector a_ and direction is same asa_, if A >0, opposite of a~, if A< 0 and zero
vector, if A\ = 0.

Note: For any scalarA,A.0” =0".

Properties of Scalar Multiplication: For vectorsa”, b~ and scalars p, q, we
have

(Jp(@” +a”)=pa +pa’

(i) (p+g)a” =pa” +qa’



(i) p(qa”) = (pa)
Note: To prove a_ is parallel to b~ , we need to show thata” =Aa~, where A is
a scalar.

Components of a Vector: Let the position vector of P with reference to O

is OP>=r" =xiM+yjr+zk”, this form of any vector is-called its component form.
Here, x, y and z are called the scalar components of r” and xi*, yj* and zk” are
called the vector components of r” along the respective axes.

Two dimensions: If a point P in a plane has coordinates (x, y),
then OP—>=xi*+yj», where i* and j» are unit vectors along OX and OY-axes,
respectively.

Then, [[|OP>[[[=x2+y2-————- \/
Y
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Three dimensions: If a point P in a plane has coordinates (x, vy, z),
then OP—>=xi*+yj*+zk”, where i*, j* and k” are unit vectors along OX, OY and
OZ-axes, respectively. Then, [[|OP->[||=x2+y2+z2—————————~ \
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Vector Joining of Two Points: If P1(x1, y1, z1) and Pz(x2, y2, z2) are any two
points, then the vector joining P1 and P; is the vector P1P2-

P]_ﬁz =(x; —x1}i?+(yz_}’1)j+(32 -2,)k

1P,B, = yJ(xy —x0)% +(y3 —y1)? +(25 - 2,)°



Section Formula: Position vector OR-> of point R, which divides the line
segment joining the points A and B with position
vectorsa~ and b~ respectively, internally in the ratio m : n is given by
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Note: Position vector of mid-point of the line segment joining end points A(a”)
and B(b”) is given by OR>=a" +b” 2

Dot Product of Two Vectors: If 8 is the angle between two vectorsa” and b,
then the scalar or dot product denoted by a” . b~ is given

bya’ -b”=|a” |lIb” |IcosB, where 0 <0 < .

Note:

(i)a~ b~ is a real number

(i) If eithera”=0" or b” =0", then 8 is not defined.



Properties of dot product of two vectors a” and b~ are as follows:

(i) a-b = b-a [i.e. dot product is commutative],

— =, -

(ii) (a-b)- c is not defined.
(iii) a-(b + ¢)=a-b + a- ¢ [distributive property]

=3 .
(iv) If a and b are perpendicular to each other, then a-b =0, converse is also true.

— = — =
. - = -b L - »
(v) Projection of a on b=2" and projection of hona = )
b a

(vi) If 8=0, then the projection vector of AB will be AB itself and if 8=, then the

projection vector of AB will be BA.

(vii) If0= 12: orf= 37“ then the projection vector of AB will be zero vector.

- -,
(viii) Angle between two vectors a and b is

=5 =¥ —thb
c::-se:—-—u'h or 8 =cos™! a
- =
|al-| B |al-|b|
] - .7
(ix) Tctz- ﬂ__*LﬂJ -
(x)i“=j"=k"=1

(xii) Ifa = al? + ﬂz_:i: + asﬂ'and b= blf +byj+ b3I:', then a-b = a,b, +a,b, +azb;.
(xiii) (A ~H}-3 = A(E-g) = 3-(1 -3), where A is any scalar.

—5 =%
(xiv) If0 =, then a-b =|a||B|; 1f6=m, thena-b =-[al[b|

Vector (or Cross) Product of Vectors: If O is the angle between two non-zero,
non-parallel vectors a” and b, then the cross product of vectors, denoted
by a” xb~ is given by

axb ——~|-¢:T| EElsinB n, such that0<@=<m

where, n” is a unit vector perpendicular to both a” and b~ such

thata”, b~ and n” form a right handed system.

Note:-

(i) a” xb~ is a vector quantity, whose magnitude is ||la” xb”||=|a” | |b| >sin®
(i) If either a” =0~ or b~ =0", thenOis not defined.



Properties of cross product of two vectors a”and b~ are as follows:

- = - =
laxb|  g=sin™ laxbl

1a||B |a][B]

(i) Angle between two vectors is sinf=

(ﬁ) FI;}(E:'U
(iii) axb=-bxa

(iv) Ingeneral, ax (Ex?) #* (Exg)x?
(v) ax(b+ ?) —axb+axc [distributive property]
(vi) A(@xB)=(ra)xb=ax(Ab)
(wvii) If ais parallel to E:, then a x b = 0 and converse is also true. _

(viii) If0= % then ax b =|E| IT::I.

=¥ — -t =3
(ix) Area of parallelogram whose adjacent sides are along a and b =|a x b |



(x) Area of triangle, whose adjacent sides are along a and b = % |E x b |
(xi) ixi=]x j: FEKIE:ﬁ}and?xj: E,fxﬁ: ik x i=]
{Xl]}_;)(l— E ﬁx}:—fand;xﬁ= —}:
ik
(xiii) Ifﬂ—ﬂl+ﬂ3j‘ +r.13k and b = b1i+sz+b3k thena x b = a, a,

= (a;b; —asby)i +(asby —a;bs)j + (@b, —a,by )k
(xiv) Unit vector n, which is perpendicular to both the vectors aand 3 is given by

— —
. _axhb
A=
—* -
|axb|
- = - =3 = ) o I —} — =
(xv) For vectors a and b, if ax b = 0, then eithera =0 or b =0 or a||b.

Scalar Triple Product of Vectors Suppose a, b and ¢ are three vectors. Then, scalar

= — - —
product of a and bx ¢, i.e. 3-(3:{5) is called the scalar triple product of a-b and ¢ and it
is denoted by [a B¢l

. . - 2 - - = o - -
Properties of scalar triple product For vectors a =a,i +b,j+c,k, b =a,i +b,j +c,kand
—* : - "

c=azi +byj+cik

a b g
() [abcl=la, b, c, (i)[a b ¢]=[b < a]=[¢ a b
a; b; ¢

]=-[bacl=—[cbal=-[ach] (iv)[aabl=[bbal=[ccbl=0

Three vectors a, b and ¢ are coplanar, if and only if a. (hx c) 0



